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The polynomial algebra is a deformed su(2) algebra. Here, we use polynomial algebra as a method 
to solve a series of deformed oscillators. Meanwhile, we find a series of physics systems corresponding 
with polynomial algebra with different maximal order. 
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I. INTRODUCTION 

The idea of using physical systems symmetries to study degenerate energy levels has been adopted since the early 
days of quantum mechanics. So ladder operators which connect all the eigen-states with a given energy lead a good 
method to solve this problem. For linear systems, such as Hydrogen atom and isotropic harmonic oscillator. Lie 
algebra can work out these problems well. Generally, the iV-dimensional hydrogen atom has the so(iV -I- 1) and the 
oscillator has the su(iV) symmetry. 

Afterwards, Higgs [l[ and Leemon introduced a generalization of the hydrogen atom and isotropic harmonic 
oscillator in a space with constant curvature. In Higgs' literature [ij, he constructed a new algebra isomoriphic 
to so(3) and su(2) to describe the symmetry of hydrogen atom and isotropic harmonic oscillator on 2-dimensional 
sphere and this new algebra is called Higgs algebra which is also used in two-body Calogero-Sutherland model Ji] and 
Karassiov-Klimov model Then, additional examples, like the Fokas-Lagerstrom potential S, the Smorodinsky- 
Winternitz potential Q , and the Holt potential Q , were finally solved by Dennis Bonatsos et al [g] in the method of 
ladder operators. 

The polynomial algebra :9|| is a deformation of normal angular algebra su(2), which owns three generators Jo, J+ 
and J_. However, the commutative relation of J-|_ and J_ appears the polynomial of Jq. su(2) and Higgs algebra are 
both special cases of polynomial algebra. It can be represented as 3^^-*, where i7 is a positive integer which expresses 
the highest power of the polynomial. The generators Jq, J+ and J_ of ^'^^^ satisfy 

[Jo, J±] - ±J±, [./+, J-] = PiJo), (1) 
and its Casimir operator can be written as 

o+i 

C(")={J+,J_} + ^a.J^. (2) 

1=0 

Here, in this paper, we expand the Fokas-Lagerstrom potential and the Holt potential to the oscillator's frequency 
satisfying toi : lu2 = h ■ h which is integer ratio. Thus, with this result, we can easily get Bonatsos' result. 



II. POLYNOMIAL ALGEBRA METHOD 



For a 2-dimensional physical system exhibiting dynamical symmetry, we can find a set of operators Jo, J+ and J_ 
which communicate with the Hamiltonian of system and satisfy ([T]) as ladder operators. 

Firstly, we assume the dimension of representation of this system is finite. So there must be an upper bound |m) 
and a lower bound |m) in each degenerate energy level. 
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Meanwhile, because of ([T]), it is easy to see [J+ J_, Jo] = [J- J+, Jo] = 0. So we know J+ J_ and J_ J+ must be the 
function of Jo and H 

J+J. = 0(Jo, i/), J-J+ = 0(Jo + 1, H) (3) 

Thus, we use them to act on |m) and |m) respectively. We get equations 

J+J- Is) (j){m, E) |m) = 0, J-J+ |m) = 0(m + l,E) |m) = 0. (4) 

In both equations, we can omit energy E and require m — m = n is integer. Finally, we could omit part of results 
which cause energy E goes to negative infinity when n goes to positive infinity. Then, we finally get the energy level 
and degenerate degree. 

III. USING POLYNOMIAL ALGEBRA IN 2-DIMENSIONAL DEFORMED OSCILLATORS 

A. 2-Dimension isotropic harmonic oscillator 

Firstly, we use 2-D isotropic harmonic oscillator as an example. Its Hamiltonian can be written as 

H^?i±^ + \mu.\xl + xl). (5) 

If we write operators 



and 



iV.=al«. = ^(ii + im.^?)-i (. = 1,2), (7) 

We can rewrite the Hamiltonian as the following form 

H = huj{Ni +N2 + I) (8) 

1. Normal method 

Usually it is solved by second order tensors [lol ]. 

So^liNi~N2), S+^a\a2, S. ^ aial (9) 
Their Casimir operator C can be write as 

C^^{S+,S^} + Sl (10) 

and energy level can be solved as 

En=fiLj{n + l), n = ni+n2, ni, 712 = 0, 1, 2, • • • (11) 
where n = 0, 1, 2, • • • , and there are n + 1 degenerate eigenstates for each energy level En- 

2. Polynomial algebra method 



If we use new operators 



Jo = \iNi-N2), J+ = (a^)2(a2)^ J_ = (ai)2(4)2. (12) 



We could find their communicative relations 

[Jo,J+] = J+, [Jo,J_] = -J-, (13) 
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FIG. 1: As shown in the figure, the sohd point is represented the energy state described by Eq. (|16ap and the hollow point is 
represented the energy state described by Eq. (|16bp . The dashed line shows the degenerate eigenstates. 



and 



3 Jo - 64 J3 



(14) 



From the communicative relation, it is obvious that J+, J_ and Jq satisfies Higgs algebra relation[lj, which the 
maximal order of Jo in [J_|_, J_] is 3. Meanwhile, we can get their Casimir operator 



C = 



I f hV 5 f hV 9 



8 \ hiu 



4: \hiu 



and energy level 



Ei^ri = haj(2n + 1) 
E2,n = hLu{2n + 2) 



(15) 



(16a) 
(16b) 



where n = 0, 1, 2, • • • , and there are 2n + i degenerate eigenstates for each energy level Ein, i = 1,2. As shown 
in Fi^ the solid point is represented the energy state described by Eq. (|16ap and the hollow point is represented 
the energy state described by Eq. (|16b[) . 

Comparing above two methods, we can see the polynomial algebra can also give all the energy level for the system. 
More exciting, it could be used for other deformed oscillator or non-linear potential. 



B. 2-Dimensional anisotropic harmonic oscillator 



The Hamiltonian of 2-D anisotropic harmonic oscillator can be written as 



2m 2' 



H = Ll.—L£ + ^m{ujlx\ + Lolxl) ^ {Ni + -)huji + {N2 + -)huj2 



If LOi : ljJ2 = li '■ I2 is integer ratio, we can write loi — Iiujq,lo2 — h^^o and construct new operators 

Jo = U^-^), J+ = (aI)'Ha2)\ J-^ia.YHalYK 



2\l2 h 

We could find their communicative relations 

[Jo,J+] = J+, [Jo,J-] = -J 



(17) 



(18) 



(19) 
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FIG. 2: As shown in the figure(color onhne), the sohd point is represented the energy state described by Eq. (|25ap : the grey 
point is represented the energy state described by Eq. (|25b|) : the hollow point is represented the energy state described by 
Ea. (|25cp . The red dashed line shows the degenerate eigenstates when n = 1. 



and 



i—l ^ 



n 



f2H-hwi 



hJo+j 



{^1- hJo-J + 



(20) 



which the maximal order of Jq in [J+, J_] is h + I2 — I corresponding to the polynomial algebras with li + I2 — I 
order. We can solve their Casimir operator 



C 



T^/2H-hiU2 3\ i^f2H-njjJi 1 



i=l 



i=i 



V ^flUJ2 



(21) 



j^(2H-nw2 , . 



2H -hwi . 3 
^hjj2 4 



and energy level 



Eij-n = fy^i{i - ■^) + ftw2(i - i) + ft— 



(22) 



where n = 0, 1, 2, • • • , and there are n+1 degenerate eigenstates for each energy level Eij-n, z = 1, • • • , Z2, J = 1, • • • , ^1, 
which different i and j numbers show different formulae for the energy levels. 

When Zi : Z2 = 3 : 1, it could be viewed as Fokas-Lagerstorm potential, which is taken as an example here. For 
Fokas-Lagerstorm potential, we can calculate its communicative relation as 

[J+,J-] = -TT^ 3 (-8ij3(c^i-9cj2) + 12fti/2(a;?-4a;iW2+3cj2)- 

2h^H{iuol + ^,^1^2 + 77wiw| - 51wf) + h^iujl + QujIuo2 + &%ujIuoI - 6wiw^ - 69w|)) 
3 {l2H'^{uji - 3tJ2) - l2hHuji{uji - UJ2) + h^{iujl + 3LufL02 + 41cjitj| + 9cj|)) 



81 {-2Hui + hLul + 2Hlu2 - hjjl) 

AhuJlUJ2 



+ 108 



-Jo 



(23) 
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which the maximal order of Jq in [J_|_, J_] is 3 corresponding to the polynomial algebras with 3 order. The Casimir 
operator can be expressed as 

C = - ^^sni^^cu^ (-16g^ + 16SH^(cJi - LU2) + 16ft'g'(9cji - 23uj2)cJ2 



the energy level calculated by polynomial algebra can array as follows 



(24) 



1 1 ^1^2 

EiA-n = Trfi^i + 7:iiuJ2 + n n, (25a) 

Z I uiQ 

E2.i;n = + -^^i^sft— !— ^n, (25b) 

Z Z (jJq 

Es^i-n = Tif^i + \f^2 + ft— ^n. (25c) 
Z Z loq 

For Zi = 3 and /2 = 1, it is clearly that the energy levels have three formula forms, which the number of energy level 
formulae equals to li x l2- As shown in Fi^ we have known that the number of degenerate eigenstates equals to 
n + 1 for each energy level formula. 

C. 2-Dimensional anisotropic harmonic oscillator with Smorodinsky-Winternitz potential 

The Hamiltonian of 2-Dimensional anisotropic harmonic oscillator with Smorodinsky-Winternitz potential system 
can be written as 



TT Pi +P2 , 1 2 2,1 2 2 I /oc\ 

H = — -I- -mwiXi + -muj^x^ + 7-3 26) 

Zm Z Z 



where Vj = is hard to deal with. We can construct operators 







A\ 


- (air 


A2 




/it 
^2 


- {4r 



hu!2 ' 



(27a) 
(27b) 

(27c) 
(27d) 



and rewrite the Hamiltonian as 



H = Hi+H2, Hi = {Ni + ^)fiuJi, H2 = {N2 + ^}haj2 + Vi (28) 
They satisfy communicative relations as 

[H„A,]^-2hLjM,, = 2fii^,A|%, [a„A]]^-i^HAj. (29) 

So, for total Hamiltonian we have 

H{Aiy-' {AlY' = (AiY' (4)'i {H + 2hhuj2 - 2l2huji) (30) 

which means that, if ui — ZiWqj ^2 = h^o is integer ratio, we have [H, (AiY^ (A^Y'^] — 0. So we can construct the 
ladder operators 

Jo = t;7At^J---)^ J^-iAY-A, J--AiAlY^ (31) 



2{li + l2)fi V ^1 ^2 
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We could find their communicative relations 

[Jo,J+] = J+, [Jo,J-] = -J- (32) 



and 



i=0 



2«iJo-(2i-l) + -W-^ + l 



\/i(wi+a;2j 2 J \h{uji+u>2) 2 



nl H „, T . , X 1 /4mK 



j=0 



which the maximal order of Jo in [J+, J_] is 2{li + ^2) — 1 corresponding to the polynomial algebras with 2{lx + 12) — ! 
order. We can solve their Casimir operator 

^ = nY(»^V+^f^^+Mi-i)+2)- (34) 



Y[ \ { H V 2g(2j-l) ^■^■_^\ 3 mK" 



3=0 

h~l / / rr \ 2 



H V 2H{2i-l) 3' 
in I n{u^x + a;2) j + UJ2) ^ ^ ^ 4 



i=0 



and energy level 





n 




j=o 




Jin ~ 


E(2)i 




E{3)i 




E(^4y. 





^ ' ' H y 2g(2j - 1) 3_mK^ 



.. huji{2i -\)- fiw2(2j - 1) - '^V'imK + (35a) 
Wo 2 2 



wia;2 
-n 



Wo 2^ ^ ' 2 



(35b) 



2^^n - hiJi{2i -h- fiw2(2j - 1) - ^\/4tok + fi2; (35c) 
wq 2 2 

2^^n _ ?jiji(2i -h- nco2{2j - 1) + ^\/^mK + ^2. (35d) 
Wo 2 2 

< K < n = 0, 1,2,--- and there are n + 1 degenerate eigenstates for each energy level £'(s)„ij, 

s = 1,2,3,4, i = 0, • • • .I2 — 1; i = 0, • • • .l\ — 1. When Zi : Z2 = 1 : 1, it could be viewed as the Smorodinsky- 
Winternitz potential; when ?i : ?2 = 1 : 2, it could be viewed as the Holt potential. 



IV. DISCUSSION 



In this paper, we solve arbitrary integer ratio, l\ : I2, between two frequencies of 2-dimensional harmonic oscillator. 
The deformed oscillators could be solved by polynomial algebras. Meanwhile, oscillators with arbitrary integer ratio 



7 



frequencies are also real physical model. Actually, with ladder operators, the physical model with equal energy interval 
can be solved by polynomial algebras. With this practice of 2-dimensional system, we could try to solve 3-dimensional 
system with expanding su(3) or so(4) to their non-linear form. 
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